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Abstract. In this paper we study the problem ol ergodicity for the complex Ginzburg- 
' . Landau (CGL) equation perturbed by an unbounded random kick-force. Randomness 

I is introduced both through the kicks and through the times between the kicks. We 

. show that the Markov process associated with the equation in question possesses a 

' unique stationary distribution and satisfies a property of polynomial mixing. 

\o ' 
o 

:b 

Oh' 

' ' 1 Introduction 

' We consider the CGL equation perturbed by a random kick-force on a domain 

^ D ^ M", n < 4 with dD eC^ : 

u — vAu + if3\u\'^u — T](t, x), X £ D, (1-1) 
><; u\oD^O, (1.2) 

u(0,x) = Mo(a;), (1.3) 



where u = u{t,x) and i',(3>0. We assume that ri{t,x) is a random process of 
the form 

oo 

Tjit,x) = Y,Vk{x)Sit-Tk), (1.4) 

fc=l 

where S{t) is the Dirac measure, rjk are independent identically distributed 
(i.i.d.) random variables with range in the space H := Hq{D), and the waiting 
times ifc = r^, — T]^_i, k > 2 and ti — ti are i.i.d. random variables exponentially 
distributed with parameter A. Moreover, we assume that the sequences rj^, ife 
are independent. 

Suppose that {gk}^^i is an orthonormal basis in H. The main result of 
the present paper is Theorem 14.21 which states that, if the low of rjk is non- 
degenerate on the space spanned by {gk}k=i for sufficiently large N, then there is 
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a unique stationary measure for the continuous time Markov process associated 
with Hl.l|l . H1.2() . (|1.4() . Moreover, any solution of the problem polynomially 
converges to the stationary measure in the dual Lipschitz norm. 

Many authors have studied similar problems for various PDE's with different 
random perturbations (e.g., see [HI [Tl HSl HUH [HI OOl d UHl for discrete 
forcing and El El [T71 El 123 ElEl for white noise). Several ideas of this 
article are taken from 1161113105] . 

The problem of ergodicity for randomly forced Ginzburg-Landau equation 
was studied in the following articles. In Hairer considered a real Ginzburg- 
Landau equation on multidimensional torus. Odasso |22| studied a class of 
CGL equations with strong nonlinear dissipation. In both of these works the 
property of exponential mixing is established. In 24^, Shirikyan used a sufficient 
condition for ergodicity of Markov processes to show uniqueness and mixing for 
a class of CGL equations with linear dispersion. Finally, in , Debussche and 
Odasso proved the polynomial mixing property for a damped ID Schrodinger 
equation. 

The main novelty of the present paper is the condition over the waiting times. 
Note that the restriction of the solution at times looks like the random dy- 
namical systems considered by Kuksin, Shirikyan Jl],^!], [23] and Masmoudi, 
Young (Hj : 

"Tfe = S'tfcK.^i) +%, (1-5) 

but there are some essential differences. As the waiting times can be arbitrarily 
small, during any time interval the system can receive any number of kicks. 
This changes the dynamics of the associated process, for example: 

• The distance between two trajectories having close initial data can be 
arbitrary large at any time t > 0. 

• The phase space of the problem is not bounded even in the case of bounded 
kicks. 

Let us give in a few words the ideas of the proof of Theorem 14.21 An 
important tool for the proof of the result is the Foia§-Prodi type estimate. This 
kind of estimates are often used to prove ergodic properties of PDE's. Suppose 
that there are two sequences of kicks Cfc smd having equal high Fourier 
modes for k >l, such that the solutions of corresponding problems have equal 
low Fourier modes at kicking times tu, k > I (see Lemma 12.11 for the exact 
formulation). Let A/j be the number of kicks before time i, i.e. Mt — max{fc : 
Tk < t]. Then, by Foia§-Prodi Lemma, we have the following estimate for the 
distence between solutions at time i, if t > rj: 

||«t-«;i|i<e-^(^-')( n U)-^enur,~<,h, (1.6) 

i=l+l 

where || • |li stands for the norm in H, ut and are solutions corresponding to 
the sequences Cfc and respectively, is a polynomial function of ||i}^'; 
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and {\\u'^. and C > is a large constant. Following the ideas from j^, we 

construct two sequences (^k and of i.i.d. random variables in H distributed 
as r]i such that the conditions of Foia§-Prodi Lemma are satisfied for a random 
integer £ > 1. Moreover, using the low of large numbers and some martingale 
inequalities, we show that £ can be choosen in a such way that the following 
properties also hold: 

(i) (n^Vi^o^'e^ < e^^*"'': if A/"* > ^+ 1> 

(ii) h.j|i + iKiii<i, 

(iii) m-p < Cp. 

As we show in Section 0] properties (i)-(iii) and imply the polynomial 

mixing property. 

The random variables (kX'k ^^"^ ^ ^'"^ constructed in Proposition 14.31 In 
Sectional we show properly how Theorem 14.21 is derived from Proposition 14.31 
The proof of Proposition 14. 31 is carried out in Sections and 

Note that an exponential estimate for the random variable i in (iii) implies 
immediately the exponential mixing property for the system. Finally, using (i)- 
(iii), one can show that the embedded Markov chain also satisfies a property 
of polynomial mixing. The stationary measure of the original process and that 
of embedded chain are connected with the Khasminskii relation (see Section 0J). 

Acknowledgments. The author thanks A. Shirikyan for attracting his at- 
tention to this problem and for helpful discussions and encouragements. A part 
of this paper was written when the author was visiting the De Giorgi Center 
(Pisa); he thanks the Center for hospitality. 

Notation 

Let D C M" be a bounded domain with smooth boundary and let {gj}j,zjq 
be an orthonormal basis in H. Let Hn be the vector span of {gi, ...^g^} and 
be its orthogonal complement in H. We denote by Pn and Qn the or- 
thogonal projections onto and Hj^ in H. Denote by {ejjjgN the set of 
normalized eigenfunctions of the Dirichlet Laplacian with eigenvalues {aj}j£n 
and denote by Q'pf the orthogonal projection onto the closure of the vector span 
of {cN, eN+i, ■■■} in L^{D). 

Let H^{D), s > be the Sobolev space of order s. We denote by = 
||Vw||, ||ii||2 = ||Am|| the norms in the spaces Hl{D) and Hl{D) n H'^{d) re- 
spectively, where || • || stands for the norm in L^{D). For a Banach space X, we 
shall use the following notation. 
B{X) is the a-algebra of Borel subsets of X. 
C{X) is the space of real- valued continuous functions on X. 
Cb{X) is the space of bounded functions / £ C{X). 
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C{X) is the space of functions / £ Cb{X) such that 

||/k:=||/||oo+sup '^(;)"y <+oo. 

V{X) is the set of probabiUty measures on (X,B{X)). If /i G ^{X) and / g 
Ch{X), we set 



/ fiuMAu). 
J X 

If ^1, /i2 G 'PiX), we set 

ll/ii - ^I2\\*c = sup{|(/,Aii) - (/,//2)| : / e ll/IU < 1}, 
IImi - M2Lar. = sup{|Aii(r) - fi2{r)\ : r e 

For any ri,r2 G with P(r2) 7^ 0, denote 

P(rir2) 



^(ri|r2 



P(r2) 



The distribution of a random variable ^ is denoted by P(^). We denote by C, Ck 
unessential positive constants. 

2 Preliminaries 

It is well known that problem with 77 = and uq ^ H has a unique 

solution in the space C{R+,H) n Lf^^(R+, Let St : H ^ H be the 

resolving semi-group for that problem. Let tq = and define ut by the relation 



ut = 



St-Tkiur^), if t e [Tfc,rfe+i), fc > 0, 

Stk+iiur^) +Vk+i, ift = rfe+i. 



Then ut is the unique solution of problem p.l|) - (|1.4|) . Clearly, ut exists for all 
t > with probability 1, as Pj^tfc = 00} = 1. Let us define a continuous 
ftinctional on H: 

n{u)= J (a|VM(x)|2 + ^|w(x)|4)dx, (2.1) 

where a is a positive constant. If a is sufficiently small, we have the estimate 

n{St{u)) < e-^^niu), t > 0, (2.2) 

where a is a positive constant, and there is a constant C such that 

\\St{u) - St{v)\\i < CeMC{\\u\\t + \\v\\t))\\u ~ v\U, t > 0, (2.3) 
\\St{u) - St{v)h < Cr^ exp{C{\\u\\l + \\v\\f))\\u - v\\i, t > 0, (2.4) 
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where u,v £ H. The proof H2.2|l . ^2.'i\ and (|2.4|l is carried out by standard 
methods and is given in the Appendix. 
For any sequence Uk, m < k < n, we set 



1 " 

- — y 

m + 1 ^ 



\afc/m = TT 7^ Ofc- 

n — m + 1 

A:— m 

Suppose Ukju'f. G iJ and > are arbitrary sequences. Define and by 
the relations 

Uk = St,{uk-i) + Cfc, u'k = St^{u'k_i) + Ck- (2-5) 
Lemma 2.1. Suppose that 

PNUk^PNul QNCk^QNC'k, l + l<k<n, (2.6) 
e,ei?jv, J = l,...,Af' (2.7) 

for some N' > 1 and N >1. Then 

k , 

\\uk-uih<{Ca-J^,)'^-'[ n t, 

i=l+l 

X exp - mu,\\t)t-' + iHWt)'-')) hi (2.8) 



for I < k < n, where C is a positive constant not depending on Uk,u'f^,n,l, N 
and N'. 

Proof Using and l|T7|) . we see that 

\\uk~u'k\\l = ||QAr(wfe -Olli = ||gAr(S'f,(ufc-l) - 5'f,(Ufc_i))||i 

< ||gW'(%K-i)-%K-i))lli 

< ajv?+ill'S't,(ufe-i) - S'tJ<_i)||2 

< Ca-J^,t-J exp (C(hfc_i||? + ||4_i||?))I|rife_i - u',_,\\,. 
Iteration of this inequality results in H2.8|l . □ 

3 Markov chains associated with CGL equation 
and existence of stationary measures 

Let uq be an H-vahied random variable, independent of {rjk} and {tk}, and let 
Ut be the solution of problem (|l.l|l - p.4|l . Denote by J^t, t > the cr-algebra 
generated by uq and {C(s),0 < s <t}, where 

oo 

Ci^)=T.hr.<s}Vk. (3.1) 
fe=l 
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Lemma 3.1. Under the above conditions, Ut is a homogeneous Markov process 
with respect to Tt ■ 

The proof of this lemma is given in the Appendix. For any u ^ H and 
r e B{H), we set Pt{u, T) = F{ut{u) G T}. The Markov operators corresponding 
to the process Ut have the form 



%fiu)^ / Ptiu,dv)fiv), q3Xr)= / Pt(u,r)/x(du), 

Jh Jh 

where / G Ch(i7) and fi e V{H). 

The strong Markov property impUes that is a homogeneous Markov chain 
with respect to tr-algebra Q]^ generated by {r]n,tn, ^ < ri < k}. In what follows, 
we shall write instead of ; this will not lead to confusion. 

Lemma 3.2. (i) For any e > there is a constant > such that 

k 

n{uk) < (H-e)'=e-"^'=?^(uo) + a^e-"(^''-^')(l+£)^-'H(?70- (3-2) 

1=1 

(a) Let lKTi.{r]ky < oo for some p > 1. Then 

Wukf < j'^EHiuof + -^EUirtkr, (3.3) 

1-7 

where < 7 < 1 and Cp > are some constants not depending on k. 
Proof. Using (|2.2|l . we obtain 

n{uk) < (1 + e)e-'''^n{uk-i) + cM-nk). 

Iteration of this inequality results in H3.2|l . 

To prove H3.3|l . note that for any e > there is a constant Cp^^ such that 

n{ukY < (1 + £)e-*'='^PHK_if + Cp^enivkT- (3.4) 

Taking the expectation and using the independence of tk and itfc_i, we obtain 

EHiuur < (1 + e)-^EH{uk-ir + Cp.,KH{jikY- 
\ + ap 

Choosing e > so small that 7 := (1 + e) ^^^p < 1 and iterating the resulting 
inequality, we arrive at H3.3|l . □ 

Lemma 3.3. Let E,\\rik\\i < 00 for all p > 1 and let uo € H. Then 

(i) There is a constant M > Q not depending on uq and a random integer 
T — T(uo) > 1 such that 

{\\uk\\t}^<M forn>T, (3.5) 
ETP < 00 forallp>l. (3.6) 
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(ii) For any 5 G (0, 1) and d > 0, there is a constant R = R{S,d) > such 
that 

niMtYo <R,^n>0}>S, (3.7) 
for any uq G Bd, where Bd ^ {u (z H : ||u||i < d}. 
Proof. Let us fix e > 0. Using H3.4|l witli p = 3, we obtain 

WK)3 < (1 + eje-^'^^'-niuk-if + C,H{iikf 

^ (1 + e) (e-^"*'' - ^^^n{uk-if + (1 + ^)xT3^^("fc-i)' + CeUivf^f- 

(3.8) 

Choosing e > so small that q := [1 + g) \+^a ^ ^ ^''^^ summing up inequalities 
H3.8|l for 1 < A: < n, we arrive at 

n n . n 

k=l k=l k=l 



k=l 

whence it follows that 



k—1 

1 — g?i + l 1 — (? 1 — (771 + 1 

k—l 

where m = ¥.H{r]k)^. To complete the proof, we need the following lemma, whose 
proof is given in the Appendix. 

Lemma 3.4. Suppose that Mk is a sequence of random variables that satisfies 
the inequality 

E|MfcpP < CpP for allp> 1. (3.10) 
Then the following assertions take place, 
(i) There is a random integer T > 1 such that 

l\Mk\<l fork>T, (3.11) 
ETP <oo for all p> I. (3.12) 

(ii) For any 5 £ (0, 1), there is a constant R > such that 

p| 1^ < i?, Vfc > 1} > 6. (3.13) 
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Let us set 



k 

M'^ = Y,{n{m? - m), = M'^ = 0. 



Clearly and M^' are martingales. For A/(' it is easy to verify that H3.10|l 
holds, as M" — M['_^ = Tiirjif — m, i > 1 are centered i.i.d. random variables. 
To prove H3.10|l for M^, we need Burkholder's inequality for martingales ([5], 
Section 2.4): 

k k 

CiE| 1^ < E|M^pP < C2e| ^Xfj^, (3.14) 

i=l i=l 

where Xi = M[ — Ml_^, i > 1, p > 1 and Ci, C2 are positive constants depending 
only on p. Using H3.14|l and H3.3|l . we obtain 



i—i 

k 

< C ^ EH(ui_i)<^PfcP-i < C'kP, 



where C depends on ||moI|i- Applying Lemma lT^ let T' and T" be the random 
variables corresponding to martingales and Mj!. Setting 



V 1 — \l — q 1 — 9 ^ 



~3 



it is easy to verify that we have (|3.5|) and H3.6|) for T and M. 
To prove H3.7|l . we apply H3.13|l to the sequence 

and using H3.9|l . we see that H3.7|l holds with 

Ri = R + Cd-^ + -^m, 
1-q 1-q 

where Cd = sup^^g^ H{u)^. □ 
Let TR be the first hitting time of the ball Br: 

Tji = min{fc > : |jMfe||i < R}- 
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Lemma 3.5. Let WH(r]i) < +00. Then there are positive constants S, C and 
R not depending on u such that 

E„e*"« < C{l + n{u)). 

Proof. It suffices to show that Uk possesses a Lyapunov function (see PU), i-e. 
there is a continuous functional F on H such that 

(i) F{u) > 1 and hm||„||^_,oo -F'C") = +oo- 

(ii) There are positive constants n, R' , C and a < 1 that 

E„F(w„) < aF{u) for ||w||i > R' , (3.15) 
KuF{uk)<C' for ||m||i < i?', fc > 0. (3.16) 



Let 

f^H, ifniu)>A, 

^ ' [A, ifn{u) < A, 
where A>1. Then (i) is satisfied. Let ||u||i > i?'. Note that 

EuF{Un) = EuF{Un)I{n{u„)<A} +EuF{u„)I{H{u„}>A} 

<A + EuHiun) < 7"7^(u) + .4 + CEH{r)i), (3.17) 

where we used (13. 3|) . Choosing n and R' so large that 27" < 1 and A + 
CE7i{r]i) < ^"R'^a, where a is the constant in H2.1|) . we arrive at H3.15|l with 
a = 27". It remains to note that (|3.1t)|) follows from H3.3|l . □ 

Definition 3.6. A measure /i e V{H) is said to be stationary for problem J^l.l\) . 
fT^} . {TTp, = /i for any t > 0. 

Using the classical Bogolyubov-Krylov argument and Fatou's lemma, one 
can prove the following theorem. Its proof is outlined in the Appendix. 

Theorem 3.7. Let E'H{rjk) < 00, then problem 1^1.1}) . \L4\l has at least 

one stationary measure. Moreover, if ETL[rikY < 00 for some p > 1, then for 
any stationary measure ^ we have: 

Upi^i) := I H{u)Pfi{du) < +00. 
Jh 

We denote by ViiH) the set of measures /i G ^{£1) such that H(/u) := 
'Hi{fJ,) < +00. 



4 Main result 

To show the uniqueness of stationary measure for (|1.1|) . H1.2|l . (|1.4|l . we shall 
need the following condition satisfied for rjk- 
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Condition 4.1. The random variables r]k are i.i.d. and have the form 

oo 

i=i 

where {gi}i£N is an orthonormal basis in H , bj > are some constants with 

oc 

i?:=^6|<oo, 

and ^jk are independent scalar random variables. Moreover, the distribution of 
^jk possesses a density pj{r) (with respect to the Lebesgue measure), which is a 
function of bounded variation such that 

/e r+co 
Pjir)dr>0, / \r\Ppj{r)dr <Cp<oo, (4.1) 
-6 J — OO 

for all e > 0, p > 1, j > I and for some constants Cp > 0. 

Clearly, if Condition l4.1l is satisfied, then 

E||?7fc||? < oo for all fc > 1, p > 1. (4.2) 

Theorem 4.2. Suppose that Condition \4.1\ is satisfied. For any B > there is 
an integer N' > 1 such that, if 

e,€HN, j = l,...,7V' (4.3) 

for some N > I, and 

6,^0, J = 1,...,N, (4.4) 

then there is a unique stationary measure /i G 'P{H). Moreover, for any initial 
measure /j' e 'Pi(-ff) we have 

\\%fi'-fi\\l<Cp{^ + ni^i'))t-p, t>o, (4.5) 

where Cp is a constant not depending on fi' . 

Proof. Step 1. It suffices to show that for any u,u' G H we have 

\%f{u) - %f{u')\ < CpWfWcil + n{u) + n{u'))t-p, (4.6) 

for any p > 1, t > and some constant Cp > not depending on (u, u') and t. 
Indeed, suppose that (|4.t)|) is already proved. Then for any two initial measures 
/x',^" e Pi{H) we derive from H4.6|l : 

- < Cp{l + H(m') + H{ti"))t-P. (4.7) 

This inequality shows the uniqueness of stationary measure in Vi (H) . It follows 
from Theorem 13 . 71 that any stationary measure /i is in Vi{H). Taking ^" = ^ 
in (|4.7() . we arrive at (|4.5ll . 

Step 2. Inequality 14.6|l is a direct consequence of the following proposition. 
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Proposition 4.3. Under the conditions of Theorem \4-°A /"'^ '"^y B > Q there 
is an integer N' > 1 such that, if \4-^ o,nd i4.4\ ) hold for some integer N > 
1, then there is a probability space (rt,J^^¥) and a sequence of i.i.d. random 
variables {tk} that are exponentially distributed with parameter A such that for 
any u,u' € H one can construct random sequences Uk,u'^, defined on with the 
following properties: 

(i) The initial value of the trajectory {u}~,u'j.) is {u,u'): 

Uq = u, u'q = u'. 

Furthermore, the random variables o,rid defined by \2. 5|] are i.i.d., 
and their distribution coincides with that of rj^ : 

v{Ck) = v{c'^) = v{^k). 

(a) There is a random integer t = £{u,u') and a constant M depending only 



on B such that 

PNUk = Pwu'k fork>e+l, (4.8) 

QjvCfe = QnCI for k>l, (4.9) 

{\\u4l + H\\l)\<M fork>e+l, (4.10) 

k 

^^|^logi,|<M fork>£+l. (4.11) 

i=i+l 

(Hi) There is a positive constant Cp not depending on {u,u') such that 

E£P <Cp{l + niu)+niu')) for all p> I, (4.12) 

||w£||iV||u^||i <1. (4.13) 



To prove (|4.6|l . let Uk and it'^ be the random sequences constructed in Propo- 
sition Upl and corresponding to the initial value (u, u'). Let Tk = X]n=i tn,ri > 1 
and To = 0. Define 

_\St-Tk{uk), if t e [rfc,Tfc+i), fc > 0, 

[^(^^^(Mfe) + Cfc+l, ift = Tfc+l, 

and Uj is defined in a similar way. Clearly, ut and u'^ have the same distributions 
as the solutions of H1.1|I - H1.4I) corresponding to u and u' , respectively. Thus 

mf{u) - %fiu')\ = mfM - fK))\. (4.14) 

Let 

TVt = max{fc > : Tfc < t}, (4.15) 
11 



then TVt is a Poisson random variable with parameter Xt (e.g., see QI]). Define 
Gt = {u> : 2£ + 1 < Mt} — {i^ ■ T21+1 < t}. As Tk is a Gamma random variable 
with parameters A and k (e.g., see 0]), we have 

00 00 

n—1 n—l 

00 ^ 

<C{l + H{u) + H{u'))J2— <°°^ (4-16) 



n=l 



for any g > 1, where we used the Cauchy-Schwarz inequality and 14.1211 with 
p = 2(2 + q). It follows that 

FiCi) <C'p{l+n{u)+n{u'))rP foranyp>l. (4.17) 

Using (|2.3() . we see that 



whence, using (|4.8|) - (|4.11|) . H4.13|l and Lemma [2. II we obtain 

Choosing N' so large that logajv+i > 2(2CM + logC + 2), we arrive at 

E[lGA\ut ^ u[\\i] < Ee--^* = e-^*, (4.18) 
where c= A-|. Let / e C{H). Then, using (|4.14() , H4.17|l and H4.18|l , we derive 

\%f{u)-%fiu')\ < E\fiut)~fi4)\ 

< \\f\\cE[lG,\\ut-K\\i]+ElG^2\\f\\^ 

< ii/iUe^^* + 2||/iuc;(i + n{u) + n{u'))t-p 

< cjf\\c{i + n{u) + n{u'))t-p. (4.19) 

This completes the proof of (|4.6|l . □ 

Remark 4.4. The embedded Markov chain Ur^. also satisfies a property of poly- 
nomial mixing. This follows from Proposition 14.31 and is proved using the same 
arguments as in the proof of Theorem 14. 21 The stationary measures of the orig- 
inal process and that of embedded chain are connected with the Khasminskii 
relation: 

(/,/i) = -^E, f{ut)dt, 
where v and /i are the stationary measures of and ut respectively. 
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5 Coupling operators 



Let r]k be a sequence of random variables with range in H and suppose that 
Condition 14. II is satisfied for r]k- Clearly, if bj 0, j = 1, ■■■,N, then the distri- 
bution of the random variable Pn^tji) is absolutely continuous with respect to 
the Lebesgue measure, and its density has the form 

N 

p{x) ■.= Y\_qj{xj), qj{xj) = b~^pj{xjb~^), x = {xi, ...,xn) € Hn- 
i=i 

Now we have the following lemma, which is a version of Lemma 3.2 in '161: 

Lemma 5.1. Suppose that Condition \4. l\ is satisfied and bj ^ /or j = 1, TV, 

where N > 1 is an integer. Then there is a probability space (Q,J-,¥) such 
that for any u,u' G H there are H-valued random variables C = C{u,u' ,uj), 
C = C {u^u' ^Lo) and a real-valued random variable t — t{Lu) with the following 
properties: 

(i) The random variables C,,(^' and rji have the same distributions, and t is 
exponentially distributed with parameter A. 

(ii) The random variables (P/vCj-FjvC) '^'^'^ {QnCjQnC') '^'^e independent, and 
C and are independent oft. 

(Hi) The random variables QnC o,''^^ QnC '^'^c equal for all lu E CI and do not 
depend on (u, u'). 

(iv) The random variables C and are measurable functions of {u,u' ,uj) G 
HxHy.n. 

Proof. Suppose that ti — ti{uji) is a random variable that is exponentially 
distributed with parameter A and is defined on the space (fJi, .Fi, Pi). Let {v,v') 
be a maximal coupling for {vu.^ji , Vu\ui), where v^^uji is a measure on Hj^ given 
by the density p{x — PNSt^(^^){u)) (see JHIj Section I, 5). By Theorem 4.2 in 
|16) , we can assume that the random variables v and v' are defined on the same 
probability space {^2^^2^^2) for all u,u' E H, uji G fli and are measurable 
functions of (m, u',wi,a;2) E H x H x fli x il2- Suppose that rji is defined on 
the space (fJs, J^, P3). We denote by {n, T, P) the direct product of (f^,, Ti, Pi), 
i = 1, 2, 3, and define C, C' ^ by the relations: 

t(cj) = tx(uj\), 
PnC{oj) = v'{u, u',uji, UJ2) - PNSt(^^^){u'), 
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where w = (a;i,W2,^^3) G f^- Using the definition of ^ and Fubini's theorem, we 
see that 

P{PjvC e r} = E/{p„^er} = EiP2{P^vC(wi) £ T} 

= EiP2{« - Pw5t, (u) e r} = ^ p(x)dx = P{PAr77i G r}, (5.1) 

for any F G B{Hn), where Ei is the expectation corresponding to the mea- 
sure Pi. AU assertions of lemma follow from the construction and relation 
(EH). □ 

Remark 5.2. Using inequality (3.8) in Lemma 3.2, for the variational dis- 
tance between Vu.uji a-nd I'u'.ujn we obtain the inequality: 

\Wu,uJi - l^u' ,LJi\\var < CAr||S't(u) - St{u')\\i, 

which holds Pi-a.s.. Then the definition of maximal coupling gives 

P2{v ^ v'} < CN\\St{u) - St{u')\\i. (5.2) 

Remark 5.3. Let {n',T',V') be the direct product of {n,,J'i,F,), i = 2,3. For 
any wi G fli, let £^^j — {uj' G fl' : u(u, u', wi, w') ^ u', wi, w')}. As {v,v') 
is a maximal coupling for (j^^.c^^, j^u'^c^i), we have 

r{v{u, u', c^i, •) G F, v'{u, u', c^i, •) G F'|£;^, } 
= F'{v{u,u',uji, •) G r\E^,}r {v\u,u\ LJi, •) G F'|£;^J, 

if P'{£'„i } > and F, F' G B{H). Now it is easy to notice that 

p'ivu^ e r,< G F',£;^j > r{v^, g f, jr{i;:,^ g r',i?^j. (5.3) 

Let us define coupling operators by the formulas 

TZ{u,u',uj) = S't(„)('u) -I- ({u,u',uj), TZ'(u,u',uj) = St(^){u') + C{u,u',uj), 
where u,u' E H and lu Cz 

Lemma 5.4. Under the conditions of Lemma \5.1\ there exists a constant^ G 
(0, 1) such that for any r > and an appropriate constant e :— e{r) > we 
have 

:= P{n{TZ{u, u\ ■)) + n{n'(u, u', •)) < {l{n{u) + n{u'))) V r} > e, (5.4) 
/or all u, u' G K. 

Proof. Step 1. It suffices to show that there is C > such that for any S > 
and an appropriate constant es > the following inequality holds Pi-a.s.: 

p|(wi) ■.= p'{n{n{u,u',LJi,-)) + n{n'{u,u',uji,-)) 

< C{n{St(^,){u)) + n{St(^^,){u'))) +S}>e5. (5.5) 
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Indeed, define the event 

Then Pi(V^) > 0, as i is exponentially distributed. We deduce from (|2.2II : 

c{n{St^^,^{u)) + (..'))) + s < Ce--'^^-\n{u) + n{u')) + 5 

< i(H(u) + H(u')) + <5, 
if wi eV . Setting 7 = | and (5 = |, we see that 

+ + ^ < (7(WH + V r. 

Combining this with (|^ . we obtain P^^ > EiF52(cJi)/y (cji) > e5¥{V). 
Step 2. Let us fix arbitrary (5 > and lji G Suppose that 

w(^Ar5t(.i)N) < n{PNSti^,-){u')) (5.6) 

(the proof of the other case is similar). Define the events 

As = y e n' : n{PNn{uji,Lu')) < 8H{PNSti^,){u')) + — }, 
Fs = W e n' : H(Q^7e(c^i,c^')) < 8H(Qw5i(^,)H) + 

= W e n' : H(P^7^'(a.l,L^')) < 87^(P^5t(^,)(u')) + — }, 
- V e f]' : H{QNn'{LJi,u;'}) < 87^(Qjv^t(.o ("')) + 
Clearly, if oj' G AsFs^ then 

H(7^) < m{PNTi) + sniQNiz) < 64{n{PNSt{u')) + n{QNSt{u))) + -. 

As dimi/jv < cxd, we obtain 

therefore 
Finally, we have 

nin{u, u', uji,uj')) + mn'iu, u', uuu')) < c{H{St{u)) + n{St{u ))) + 5, 

if Lo' E AsG'gFsFg. Using property (ii) of Lemma [5. II we see that 
pUloi) > F'iAsFsG'sF^) = riAsG's)r{FsF^). 
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Hence, it suffices to find a constant ks > not depending on uii G fii such that 

r{AsG's)>ks, r{FsF^)>ks. (5.7) 
Step 3. It follows from H4.1|) that for any t > there is > such that 

mKI|i<T}>g., P{||C'l|i <r}>9,. (5.8) 

In view of property (iii) of Lemma l5. II we have 

P'{8W(QwC) = 8H{QnC) <-^}> Is, 
where q'g > 0, therefore 

Step 4. We deduce from H5.8|l and (|5.6|l that 

r{As)>ql r{G's)>q's. (5.9) 

Let E = {PnTI / PnTI'}- Then AgE'^ = G'^E'^ = AsG'gE^. If r{E) = 0, then 

r{AsG's)^riAs)>ql 

Suppose that P'{E) > 0. Using Remark 15.31 we obtain 

riAsG's) = ¥'iAsG'sE')+¥'iAsG'sE) > ¥'{AsE^) +r{AsE)riG'sE). 

(5.10) 

UriAsE") > (4)^ =: ks, then r{AsG'g) > kg. liriAgE") < kg, then 

P'iAsG's) > {r{As) ~ V'{AsE-)){¥'(G's) ~ V\AsE-)) > (g^ - (1)')' > ks. 
This completes the proof of the lemma. □ 

6 Proof of Proposition 14.31 

Let {n'',T'',P''), k > 1 be independent copies of the probability space con- 
structed in Lemma [5.11 and let {fl,J-,P) be their direct product. Let uq = u 
and u'q — u', where u, u' E H. We set 

Ukiuj) = n{uk-i{uj),u'^^j^{uj),uj''), u'^{uj) = 7^'(^t^;_l(w),^i'^._l(w),w''), 

a(w) = C(«fe-i(^),4-i(^),w'), Cfe(^) = C'("fe-i(^),<-i(^),^'), 

where uj — {uj^,uj'^, ...) G fl. Clearly, for Uk ■— {uk,u'j.) assertion (i) of Propo- 
sition ^31 is satisfied. Since CfciCfc ^-nd ^fc ^re sequences of independent random 
variables and {Ck}'kLi and {Cfc}fe^i are independent of {ifcj^i, the sequence Uk 
is a Markov chain in the space H := iJ x H. 
Let us introduce the stopping time 

rd = min{fc>0, ||Mfe||iV||M;^J|i <d}. 
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Lemma 6.1. For any d > there are positive constants 7 and C such that 

Eue^'"" < C(l + n{u) + n{u')) for all U (m, u') e H. (6.1) 

Proof. It is well known (e.g., see ^O) or Proposition 2.3 in that inequality 
H6.1|l will follow from two statements below: 

(i) There are positive constants 6, R and C such that 

E,7e*^« < C(l + n{u) + V.{u')) for all [/ e H. (6.2) 

(ii) For any i? > and d > there is an integer I > 1 and a constant p > 
such that 

Fu{Ui eBd}>p for any U £ Br, (6.3) 
where Ed = {(m,u') G H : ||u||i V ||u'||i < d}. 

The proof of (i) is similar to that of Lemma 13.51 To prove (ii) , we use the 
definition of Uk — {uk, u'fj, Lemma 15.41 and the Markov property: 

Pu{n{ui) + n{u'i) < {i\n{u) + n{u'))) v {d^a)} > e\ 

for all I > 1, where e depends only on d. Choosing / so large that < d'^a, 

where Cr — supjj ^^^{H{u) + H{u')), we obtain l|6.3|) . □ 

The proof of the following lemma is similar to that of Lemma |3. 31 and we 
shall not dwell on it. 

Lemma 6.2. (i) There is a constant M > such that for any Uq — (uq, Mq) G 
H and an appropriate random integer T = T(uo, u'q) > 1 the following in- 
equalities hold 

ilWkWl + HUD'S <M forn>T, (6.4) 
ETP < 00 for all p>l. (6.5) 

(ii) For any S G (0,1) and d > 0, there is a constant R — R{S,d) > such 
that 

n{hk\\l + H\\l)o<R,^^>o}>s, (6.6) 

for any Uq = (uq, u'q) G Bd- 
For any M > 0, we introduce the stopping times 

ri(M) = min{A; > 1 : {\\u,\\t + \\uTi)o > M}, 

T2{M) = min{fc > 1 : ]^{\ogt,)'S > A/}, 

TsiM) = min{fc > 1 : P^Uk Pn^}, 
cr(M) = Ti(M) A T2iM) A TsiM). 
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Lemma 6.3. For any B > 0, there is an integer N' > I and a constant M > 
such that, if and {4-4}) hold for some integer N > 1, then 

PuWiM) ^^}>l, (6.7) 
Eu[I{^(M)<oo}<jiM)P] < +x> for all p > 1, (6.8) 

where U G B^, d = and Cn > 1 is the constant in 
Proof. Let AI > be sufficiently large and let to > 1. Then 

{a{M) = to} C {Ti{M) = to} U {T2(M) = to} U A^, (6.9) 
where = {T3(M) = m, Ti{M) > m, T^iM) > to}. Note that 

Am ^ {PNU,n / PNu'„„aiM) > TO - 1}. 

It follows from Lemma [2 .11 that for P[/-a.e. uj E {(j{M) > m — 1}, we have 

WSt^ium^i) ~ StAu'^-i)\\i < 2d{Ca-J^,re'^''"^. 
Choosing N' so large that logaAf+i > 2(2CAf + logC + 2), we see that 

\\St^{Urn^l) - StM^^l)\\l < 2^6-2™. 

Using Remark l5.2l construction of the space (il, P) and the Markov property, 
we obtain 

Vu{A,n) < 2dCNe-'^"' ^ (6.10) 

Let T2 be the random integer constructed in Lemma l3.4l for the sequence ^ logt^, 
and Tl be the random integer in Lemma l6.2l Then, it follows from the definition 
of Tl and T2 that 

TlI{Ti<oo} < T[, 
T2l{T2<oo} < ^2- 

To prove H6.8|l . note that 

00 

Ec/[/{.<oo}^''] = E H'^iM) = m}mP 

m— 1 

00 

< J2 (^{^1 >m}+ F{T^ > to} + r{Am})mP 

00 

<CJ2 + e-^'^)mP < 00, 

m — 1 

where we used (E^J, (EUHI), and 123211 ■ 
To prove l|H?7|l . we use and (|OHl : 

P{cr < 00} < P{Ti < 00} +P{T2 < 00} + (6.11) 
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It follows from and ^^1^ that for any 5 e (0,1) there is M = M {S, d) > 
such that 

P{Ti{M) < oo} +P{r2(Af) <oo} <S. 
Choosmg 5 — ^ — ^23ij we arrive at H().7|) . □ 

To construct the random integer £ in Proposition we follow the ideas of 
\ '2'6\ . Suppose that iV > 1, Af and d < 1 are the constants in Lemma fC. 31 Let 
po be the first hitting time of the set Bd- If for some G f2 we have 

PNUk = PnuI {\\u^\\l + \\u[\\l)%^ < M, l{\ogU)% < M for all k>po + l. 

(6-12) 

we set i{uj) = po{(-o), otherwise, let pi be the first time when one of the conditions 
in H6.12|l is not satisfied and let pi be the first hitting time of the ball after 
p'l- Suppose that pi < oo and (|6.12() is verified for u) G fl, with po replaced 
by pi, then we set i{uj) = pi{uj). Continuing this process and using the same 
arguments as in |28j . one can show that £ is well defined for a.e. a; G and 
satisfies (|4.12f) . The other assertions of Proposition l4.3l follow immediately from 
the construction. 

7 Appendix 

7.1 Proof of inequality (I2I2D 

Let uq G H. Setting u{t) — 5t(wo), we have 

^n(u(t)) ^ (-2aAw + u), (7.1) 

dt 

where (u, v) = Re uvdx. Since u is the solution of Hl.l|) - (|1.3|) with 77 = 0, we 
deduce from (|7.1|l that 

^n(u) = {~2aAu + Plul'^u, lyAu - 
dt 

< -2aiy\\Au\\^ + {(3\u\^u, vAu) + (2aAu, (7.2) 

It is clear that 

(2aAu, il3\u\^u) < 2a/3(| Vup, jitp), (7.3) 

iP\u\^u, vAu) = -I3v{\u\^, iVup) - (3v{uV{\u\^),Vu). (7.4) 
Substituting (|7.3|l and (|7.4|) into H7.2|l and noting that 

(uV(|u|^), Vu) = Rc / uVuV(|u|2)da; = ^Re / [V{\u\^)fdx>Q, 
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we obtain 



^niu) < ^2aiy\\Auf - Piy{\u\'', \Vu\^) + 2al3{\u\\ iVup). 
at 



Choosing a sufficiently small and applying Poincare's inequality to the function 
we arrive at 

^n{u) + aiy\\Au\\^ <~an{u), (7.5) 

for some positive constant a. Application of Gronwall's inequality results in 
1)2.2(1 . Finally, note that the integration of (|7.5|l gives 



' / \\Aufds < H{uo). 
Jo 



(7.6) 



7.2 Proof of inequalities dHH) and dHH) 

Step 1. Let u{t) = St{uo) and uq G H. Then 

u-t^ e C{[0,oo),H^{D)). (7.7) 

Indeed, formally taking the scalar product of —Aid and Equation with 
rj = Q, we obtain 

{ii - vAu + il3\u\^u, -Aiit) = 0. 
Integration of this equality in t results in 

^t||Auf + /* s||Vuf ds < ^ /* WAufds + 13 f sKlupu, A?i)|ds. (7.8) 
2 Jo 2 Jo Jo 

Note that 

/3 / s\{\u\^u,Au)\ds< \ [ s\\Vu\\\\s + C [ s\\V uWIAMYl^As 
Jo ^ Jo Jo 

< i /* s\\Vu\\\ls + C f sWAu^MlAs, (7.9) 
^ Jo Jo 

where we used Sobolev embedding H^{D) ^ L^{D). Substituting this inequal- 
ity into H7.8() and using Gronwall's inequality, we arrive at 



(7.10) 



t\\Auf < r||Aufds-exp(C f \\u\\lsds). 
Jo Jo 

Using the Gagliardo-Nirenberg inequality 

\\uhs<C\\u\\l\\M\K (7.11) 
and inequalities (|2.2|l and (|7.t)|l . we see that 

exp(C / llull^gds) < exp(C /" Auf ds) 

Jo Jo 

< exp(C7H(Mo)^) < Cexp(C||wo||?)- (7.12) 
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Now substituting (|7.12|l into the right-hand side of H7.10|l . and using (|7.6|l . we 
obtain 

sup r||Au(r)f < Cexp(C||uo||?)- (7.13) 

re[0,t] 

To prove H7.7II . we use Galerkin's method, choosing as a base in L^{D) the set 
of normahzed eigenfunctions of the Dirichlet Laplacian. It is easy to verify that 
H7.13|l holds for Galerkin approximations. Then passing to the hmit, we arrive 
at (|721l and (|71^ . 

Step 2. Let uq,vo £ H and u = S't(wo), v = St{vo). Then we have the foUowing 
estimate for w = u — v : 

\\Vw\\^ + v f WAw^As < C\\Vwo\\^ exp(C(||wo||? + \\vo\\t)). (7.14) 
Jo 

where wq ~ uq — vq and C is a positive constant. Indeed, w is a solution of the 
following equation 

w-iyAw + iP{\u\^u-\v\^v) = 0. (7.15) 

Taking the scalar product of this equation with —Aw and integrating the re- 
sulting equality in i, we see that 

i||Vu;f + i^/ IIAwfds < i||Vwof + /3 / \{\u\^u - \v\^v, Aw)\ds 
2 Jo 2 Jq 

- ^Il^^oll' + i / W^^fds + C 111^.1^ + \vnU\Vwfds. (7.16) 
We deduce from Gronwall's inequality: 

||Vu;f <||V7«of exp(C T || jup + |z;|2||2,ds). 



Now substituting this inequality into the right-hand side of H7.16|l and using 
((TT^ . we arrive at ifTHjl . 

Step 3. Taking the scalar product of (|7.15(l with ~tAw and integrating the 
resulting equality, we obtain 



'^t\\Awf+ /~s||Vwfds<^ l' WAwfds 
2 Jo 2 Jq 

+ C f s||V(|MpM-|i;|2«)||2ds + i f s\\Vw\\Ms. (7.17) 

2 .In 2 Jn 



Using Holder's inequality, we see that 
ft 

s\\V{\u\^u-\v\^v)\\^ds 



t 

< C I s(|||w|Vwf + \\wu\/vf -f \\wvyvf)ds 

Jo 

< C f{s\\Awr\\u\\\s + s\\w\\U\Vv\\U\\v\\ls + \\u\\l,))ds. (7.18) 
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Substituting (|7.18|l into (|7.17|) and using Gronwall's inequality, we arrive at 



t\\Awf <C 



Hkllia||v«||i.(lkllis + ||u||is)d. 



X exp(C / llull^gds). 
By the Cauchy-Schwarz inequality, 

P := rs|k||i.||V«||i4(||u||ie + \\v\\ls)ds < CsupslIAz; 
Jo [0,t] 

X ( r ikiii.d.) ^ [( r Misds) % ( r \\v\\u 



(7.19) 



(7.20) 



To estimate the right-hand side of this inequality, note that 



sup s||Aw|p 



Misds]^ + 



\v\\hds 



<CeMCi\\uo\\l + \\vo\\l)), 
where we used (|7.12|) and (|7.13|) . Using H7.11|l and H7.14|l . we see that 

lAwll^ds 



(7.21) 



kllisds) " < Csup||Vw| 
^ [o.t] 

<C\\Wwo\\^expiC{\\uo\\t + \\v,\\t)). 
We deduce from ifT^ and (fT^ that 

P<C\\Vwo\\^eMC{\\uo\\l + \\vo\\l)). 



(7.22) 



(7.23) 



Finally, substituting H7.23|l into H7.19|l . and using l|7.14f) and (|7.12l) . we arrive 
at (E3Il. 

7.3 Proof of Lemma 13.11 

Let Mt be defined by 14.15(1 . Then, for < s < t, A/i — Afs is a Poisson random 
variable with parameter A(t — s), independent of JFj (e.g., see ^^), where is 
defined in Section 13 Let ( be defined by H^.lfl . then we have 



^ft 



(7.24) 



It follows from H7.24|l that C, has independent increments. Using H7.24|l and the 
fact that the distribution of Aft — Afs depends only on t — s, it is easy to see that 
the distributions of processes ({■) and C(- + s) — C(s) coincide: 



viCit),t > 0) = vicit + s) - C(s), t > 0), 



(7.25) 
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for any s > 0. Note that u{t) is determined by {C(''') : < r < and u{t) is 
^(-measurable. We have 

PMt,uo,{Cir):0<T<t})eT\Ts} 

= P{u{t - s, Us, {C(r) - C(s) ■.s<T<t})e T\Ts} 

= nu{t-s,v,{C{T)~as):s<T<t})eT}l^^^, (7.26) 

for any T £ B{H), where we used the independence of increments of (.. Using 
H7.25|l . we arrive at 

¥{u{t,uo) eT\Ts} = n<t ~ s,v) eT}l^^^, (7.27) 

which completes the proof of the lemma. 

7.4 Proof of Lemma 13.31 

Let us introduce the random variable 

T = min{n > 1 : — |Mfe| < 1 for all k >n}, 

where min{0} = +cx). It is easy to see that P{T = 00} — 0, as 

00 ^ 00 ^ 

P{T = 00} < ^ P{-|Mfe| > 1} < C ^ ^ ^ 0, m ^ 00, 

k—m k—m 

where we used H3.1(JII with p — 2 and Chebyshev's inequahty. To estimate the 
moments of T, we use H3.1U|I with I — p~\-2\ 

00 00 
ETP = V P{T = < 1 + V P{-|Mfe| > l}(fc + 1)p 

n^l k^l 

oc 

< I + c^k-\k + ly < +00. 

k=l 

To prove H3.13|l . we use (|3.10|l with p — 2 and Chebyshev's inequality 

F{^<i^,v.>i}>i-f:p{^>i?}>i-§f:i. 

fe=i 

Choosing R sufficiently large, we obtain H3.13|l . 



i?4 ^ /fc2 
fe=i fe=i 



7.5 Proof of Theorem EUl 

Let ut be the trajectory of Hl.l|l - H1.4|) with uq = 0. It suffices to show that the 
family T>{ut) is tight in H. Let A/j be defined by (|4.15|) . First we shall show 
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that the family ^{uj^^) is tight. By Ulam's theorem, there is a compact Kl 
such that P{77i ^ Kl} < |. Using the independence of {rjp} and Aft, we obtain 

oo 

p=i 

oo 

Using (|3.2() . it is easy to show that there is a constant M > such that 

m\urj^,-i 111 V*#o}) < M, for all t > 0. 
Let i?e > By the Chebyshev inequality, we have 

M e 

nhr^,-J|iV*#o} >Re}<j^^<^. (7.28) 

Define B, ^ {v e H : \\v\\i < R,} and = S[aM]{BRj, where 6 > 0, a > 0. 
Then is compact in H. We deduce from l|7.28|l that 

nSt^, K^,_ J i KlMt ^ 0} < P{W, > 6, M 7^ 0} + P{W, < a,^ 7^ 0} 

OO 

+ n^ru,-i i B,Mt 7^ 0} < 5Z(IP{ip >b,Nt^p]+ <a,Nt= p}) + I 

p=i 

<P{ti>5} + P{ti<a} + |<|, 

if & is sufficiently large and a is sufficiently small. Let = Kl + K'j. We can 
assume that G if^. As ■ua/'^ = 0, if M = 0, we have 

nurj,, iK,}= P{,i,^^ ^ = 0} + P{7/,^^ ^ 0} 

< P{W* ^ 7^ 0} + P{5i^^ {Ur^^_,) i KlMt 7^ 0} < £. 

Thus TXutj^^ ) is tight in H. 

Define — S'[o.oo)(^£) ^^nd note that itt = St^rj^ {utm )i t ^ 0. Then is 
compact in H. Finally, we have 

i < F{ur_^^ iK}<e. 

The proof of the other assertion of the theorem is standard. 
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